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On the Stability of Travelling Waves Arising in 
Nematic Liquid Crystals 

GRAEME J. BARCLAY and IAIN W. STEWART 

Department of Mathematics Universiw of Strathclyde, Livingstone Tower, 26 Rich- 
mond Street, Glasgow GI IXH, Scotland 

The stability of travelling waves which occur when a nematic liquid crystal is subjected to 
crossed electric and magnetic fields bas been studied previously where conditions on a con- 
trol parameter q for stability to occur have been given. This article is concerned with the 
behaviour of the stable perturbations as time increases. For each of the three travelling wave 
solutions we can determine the long-term monotonic or oscillatory behaviour of the perturba- 
tions using knowledge of the spectrum of the operator governing the perturbation equation. 

Keywords: travelling waves; perturbations; stabilty; spectra 

INTRODUCTION 

In this article we study an infinite sample of nematic liquid crystal which 
has a magnetic field H applied resulting in a static twist in the z-direction. 
An electric field E is then applied which causes the director to reorient 
via a travelling wave which, in turn, results in the motion of the twist in 
the z-direction. Recent theoretical work['] has shown the existence of three 
types of travelling wave solutions to a cubic approximation of the usual 
nematic dynamic equations. The behaviour of perturbations to each of the 
aforementioned waves has been studied in detail[']. Here we give a brief 
overview of the work and the main qualitative results. The problem to be 
considered is the time dependent solution to the dynamic equation for the 
director n in an infinite sample of nematic liquid crystal where the effects of 
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bulk flow are ignored while the time dependent orientation of n is retained. 
The alignment of the director is assumed to be uniform in the q-plane with 
the only change in orientation occurring with z. The crossed electric and 
magnetic fields are applied in the zy-plane. In particular we set 

n = (cos 4(z, t), sin 4(z, t), 0) (1) 

where 4 is the angle n makes with the %axis and introduce the E and H 
fields as 

where E and H are the magnitudes of the fields and p is the angle between 
them with 0 5 p 5 ~ / 2 .  It has been shown that the Leslie continuum 
equations for n reduce to 

E = E(cos p, sin p, 0), H = H( 1,0,0) (2) 

(3) 
1 1 
2 2 rlq+ = Kz4.. - -xoHZsin(24) - - - ~ , e o E ~  sin 2(4.- /3) 

where r1 is the twist viscosity coefficient and Kz > 0 is the bulk elastic twist 
constant[’]. The diamagnetic anisotropy xa and the dielectric anisotropy e,, 
are assumed to be positive while the (positive) permittivity of free space is 
denoted by €0 .  Equation (3) can be rescaled to give 

(4) 

(5) 
(6) 

1 
7741 = t z 4 z z  - 2 sin(24 - q )  

where 

p l =  ~ ( c ~ c O ~ E ~  + x:H4 + 2 ~ a ~ o ~ a E Z H 2 ~ ~ ~ ( 2 P ) ) - ” 2  

6 = &(cfc;E4 + xfH4 + 2 e , e o ~ ~ E ~ H ~ ~ 0 ~ ( 2 p ) ) - ’ ’ ~  

The parameter q provides the key information on the relationship between 
the control parameters E, H and p; q also characterises the so!utions dis- 
cussed below. We seek solutions for 4 close to a12 and so we set 4 = 4 - - ~ / 2 .  
This assumption is motivated by a previous argumed3]. Equation (4) can 
then be approximated by Taylor expanding the sine term up to cubic order 
in 4, making no restrictions on the control parameter q. This results in 

(8)  
2 

where F ( i , q )  is a cubic in 4. Rescaling with T = t (y) and 2 = 

z (P)l” then leads to 

pl i t  = t24n - $cos q ) m ,  Q)  

& = i z z  - F(i, q).  (9) 
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Further detailed computations show that the cubic roots of F are real and 
are given by 41, & and 4 3  which are functions of the control parameter q 
and have been previously defined"]. For our purposes it is necessary only 
to remark that we have the following inequalities whenever 0 5 q < a/2: 
41 > 0 and 4 3  < dZ < 41. Hence we can write 

F(6,q)  = (6 - 4 d ( i  - 4 2 ) ( 6  - 43) .  (10) 

'Jkavelling wave solutions are found by introducing the variable T defined by 
r = Z - cT + 2, where c is specified for each solution and 2 0  is an arbitrary 
constand']. Equation (9) then becomes 

$7, + ~4, = ~(6, q) .  (11) 
Three types of travelling waves are known for (11) and we adopt the nota- 
tion used elsewhere and label them as types A, B and C['13[41: Details of the 
travelling waves of types A and B can be found in whilst, for brevity, we 
will consider only the type C travelling wave here. 

Q p e  C Travelling Waves 
For 0 5 q < 3 equation (11) has a type C travelling wave solution 4 which 

travels from d1 to 4 3  as 7 --t 00 given by 

where 43 < dl and c = +(41 + 4 3  - 242) > 0. The type C travelling. 
wave is shown in Fig. 1 for the value q = a/4. Travelling waves of types A 
and B behave in a similar manner and can be obtained by the substitutions 
( 4 2 , 4 3 )  --t ( 4 3 , 4 2 )  and ( 4 2 , 4 3 )  --t ( 4 3 , 4 2 1  respectively. 

4 

FIGURE 1 Type C travelling wave with q = a/4. 
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STABILITY 

In order to investigate the stability of the type C travelling wave solutions 
we first, as is common, write (9) in a moving coordinate frame by changing 
the variables to T = T and 7 = 2 - cT. Equation (9) then becomes 

&r = ~ T T  -k - F(d, q )  (13) 

where now in general 8 = J(T,T) .  When d(7) is a wavefront solution to 
(11) we consider solutions u to (13) of the form 

u(7, T )  = &T) + V(T ,  T )  (14) 

where v is a small perturbation which depends on both 7 and time T. 
Substituting (14) into (13) gives the linearised perturbatio~ equation 

where 
We examine perturbations which belong to L2(R) and allow our idea of 
stability to include not only small perturbations which die out, but also 
those perturbations which result in a small phase shift in the moving co- 
ordinate frame of the travelli?g wave. Following the procedure outlined in 
Grindrodis], in this context 4 ( ~ )  is s,Bd to be stable if u(7,T) as defined 
in (14) converges in L4R) to some $(T + h) for some finite constant h as 
T + do. If we define the operator A acting on perturbations v E L2 by 

is calculated directly from (10). 
84 

8F 
-Av = v,, + cv, - -v ad 

then 6 converges to a phase shifted travelling wave solution of the form 
J(T + h) whenever zero is a simple eigenvalue of A and the remainder of the 
spectrum lies in the complex half space { A  : %e(A) 2 6) for some 6 > 0. 
Further, an equilibrium solution p1 is said to be asymptotically stable if 
I I V ( I L ~  + 0 as t + 00. This property can be guaranteed when the spectrum 
of A, o(A) ,  can be contained strictly to the right hand side of the complex 
plane, namely, %(A) 2 6 > 0 for X belonging to any part of the spectrum 
of A. In this case, it is generally known that I I V I I L ~  decays like e-6t as t + 00 

15J'z7]. Since the spectrum of A for the problems we shall consider consists of 
the essential spectrum, o,(A), and the point spectrum (isolated eigenvalues 
of finite multiplicity), u,(A), it follows that for stability we require that, for 
the class of perturbations considered, both the essential spectrum and the 
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ON THE STABILITY OF TRAVELLING WAVES [ 1849]/605 

point spectrum of A in (16) lie to  the right of the imaginary axis. We will 
consider the stability of the type C travelling waves and give comment on 
the stability of the remaining two travelling wave solutions. 

Stability of Type C Travelling Waves 
We construct an operator whose spectrum is contained wholly in the right- 
hand side of the complex plane. We can then study the corresponding eigen- 
functions by transforming the perturbation equation into the form of the 
hypergeometric differential equation. This technique and similar methods 
have been used by Schlogl, Escher and Berry[']. We analyse the solutions of 
this equation to  obtain information about both the essential and pointwise 
spectra and therefore derive the stability properties of the perturbations. 

Essential Spectrum 
To gain information about the essential spectrum of an operator, reference 
[5] states 
Theorem 
Let B be the operator defined by -Bv = Dv,, - Mu, - Nu where D is 
a positive constant, M ( T )  and N ( T )  are real bounded continuous functions 
and M ( 7 )  + M i ,  N ( 7 )  + N* as T + f m .  Define 

S* = { A  : Dk2 + ikM* + N* - X = 0; k E R}. (17) 

Then oe(B) lies in the region between and including S+ and S- in the 
complex plane. 0 
In this case, since 4)s < 4 2  < 41, as mentioned in the Introduction, 

aF 
- + F- = (41 -42) (41-  43) > 0 as T + O O ,  (18) 

aF - + F+ I (43-41)(4)3 - 4 2 )  > 0 as T -+ 00. (19) 

a i  
a i  

Using the Theorem, we know that for type C travelling waves it follows that 
cre(A) in (16) always lies to  the right of the imaginary axis. Therefore we can 
use (17) to  find the essential spectrum. By elimination of the parameter, 
k, between the real and imaginary parts of X we can show that oe can be 
written as 

{ A  : F+ 5 sZe(X) - ( - 5 F-}. 

We now consider the operator A which has the eigenvalue equation 
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By transforming into the h?.pergwmetric equation and applying the kourvl- 
ary wnditions on 1) that V ( T )  0 as T + fx. wr c'mi find conditions for 
1 Iic* point spectra of eigenvliiuw, both k d a t d  and eoa-isolated. to cxht . 

Point spectrum consisting of iaolated eigenvalues 
'I'licw ilrp two iioii-isolatcrl eignlvaluw. T l i ~  firs1 is giwu liy 

( 23) 

Point spectrum consisting of non-isolated eigenvalues 
Finally we obtain any non-isolated eigenirrlues which may he prrsrnt. We 
( m i  satisfy the eigenvalue equation for any X whenever 

(2.1) 
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q (radians) 

FIGURE 2 Spectrum for type C travelling wave. 

Stabi l i ty  of T y p e s  A and B Travelling Waves  
We can use a similar analysis to determine the stability of Types A and 
l.3 travelling waves12]. However, for both these waves part of the essential 
spect.riim lies t,o the left of the imaginary axis. In a11 attempt to  "move" the 
c!sscsrit.ial spectrum to the right of the imaginary axis we must restrict our 
choice of 'ti E Lz by stipulating that 'u lies in a suitably weighted Lz space. 
We require to satisfy 

where 11 = 5 as has been previously &termined61. 
T h o  c:ompletc spectrurn for perturbation equation to the type A travel- 

ling wivo (';HI be found such that the zero eigenvalue only exists wheriever 
q' i 4 < !j whrrtx Q' zz l.l(radians) and the essential spectrum is always 
posit.ivc. There are no other eigrnvalues present in the spectrum. Hericc for 
0 5 9 < q' the perturbations in L$(R) will have decay whilst for q' 5 q < 5 
t,tw pcrturbations will iriduce a srriall phase shift to the original travelling 

For typc 13 travelling wavcs t,hr opcmtor govcrning the perl,iirlmt.ion 
cyiiatiori consists only of the c!ssc!ntial spcctruin which is always l)osit.ivr!. 
'rtlcwfort? thc pc:rturbat,ions in L$(R) will  (kcay for all values 0 5 11 < f 
itlltl so type R travelling wavrs are asymptotically stable. 

w a w .  
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CONCLUSIONS 

The stability of each of the known travelling wave solutions can be as- 
certained using knowldege of the spectrum for the second order operator 
which governs the linearised perturbation equation. All the behaviour is 
dependent on the control parameter q which reflects the various possible 
combinations of El H and the angle f l  between them. Physically, whenever 
the zero eigenvalue is not present the domain wall between two equilibrium 
states travels smoothly under small perturbations whilst whenever the zero 
eigenvalue is in the spectrum the domain wall will proceed in a different 
manner resulting in a smooth translation of the original wave. 

There are several ways of adapting the work which has been presented 
here. A Merent approach to approximating the sine term in (4) has been 
studied[7] where the best fit cubic approximation through tbe original roots 
has been found. The subsequent analysis is similar to the work above and 
no significantly new stability results are obtained. Also solutions in a finite 
sample of smectic C liquid crystal have been studied numerically[*], whilst 
an analytic solution, which cannot be a travelling wave, has been found and 
the stability examinedig]. In such cases the spectrum of the linearised per- 
turbation problem will not contain the essential spectrum since the problem 
is set in a b i t e  domain. 
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